PUIRROMAIITT

Type 1:

a. J‘sin” x . cos" x dx

if n or m is odd split one odd power. If both n and m are odd then split one power of

smaller odd number.

b n n

sin” x cos” x
b.  [=——dx OR [———dx

cos” x sin” x

if n is odd split one odd power of n
cos’ x
1.— 2. sin’ x 3.sin’x cos’x 4. sin* x cos’ x
sin x
.3 10 .5 5 . 7

5. sin” xcos  x 6. sin” xcos x 7. cos’ x sin x 8.cos’ x
Answers:

. . . 2 . 1 .
1. logsin x—251n2x+%sm4x—§sm6x+§sm8x+c

cos’x 2cos’x 1 ., 1.
2. —COS X — + +c 3. — sin"x——sIin’ x+c¢
3 4 6
sin’ x sin’ x —cos''x cos”x sin® x
4. — +c 5. + +c 6.
5 7 11 13 6
—cos’ x . 3 3.5 1.,
7 — 8. sinx—sin’ x+—sin’ x——sIin’ x+c¢
6 5 7
Type 2:
1 )
Iﬁ dx where m+n is even
cos” xsin” x

m+n

. min sec”" x . . .
Multiply by sec”™ x in Nr and Dr we have It—” dx being m+n is even we split sec’ x
an” x

and use identity and put tanx =¢

m+n—2

l+tan2) 2

Secm+n X Secmﬂz—Z X X
J-— J-— sec” xdx

dx = sec” xdx = J (

tan” x tan” x tan” x




9. S 10. - 11. - 12. !

cos® xsin* x cos’ xsin® x cosxsin® x cos’ xsin x

.2 . 4
4/ sin” x 15 1 16 sin” x

13. sec*’? x cosec®’x 14. = . L —
cos X \sin® xcos’ x cos” x

Answers:
1 3 1 3 2 1 4
9. ——cot"x—2cotx+tanx+c 10. —————+3logtanx+—tan” x+—tan" x+c
3 2 tan” x 2 4
1 1 2 -3 s 1/3
1l. —————+logtanx+c¢ 12. —tan” x+logtanx+c¢  13. —tan""x+3tan " x+c
2 tan” x 2 5
_ 5 7
14. Etanmx+itan“/3x+c 15. 2 +%tan3/2x+c 16. tan x+tan al
Jtanx 3 5 7
Type 3:

a. Itan""" xsec™ x dx split one power of tanx and sec x each. And put secx =¢ And use

fundamental identity. This can be done by using type 1 also

3 1 1
- —_ 2 —
J‘tan5 xsec? x dx = Itan“ xsec? x tan xsec xdx = I(secz x—l) xsec? x tan xsec xdx

= J'(t2 —1)2 xt dt

b. J-tan“”y xsec™ x dx split 2 power of secx. And put tanx =¢ And use fundamental identity

5 5 5
J-tanz xsec x dx = Itanz xsec’ x sec’ xdx = J.tan2 x(l + tan? x) sec’ xdx

zjt§(1+t2)dt

any

c. J‘cot”dd x cosec™x dx split one power of cot xand cosec x each. And put cosec x =¢ And use

fundamental identity This can be done by using type 1 also

even

d. J‘cot‘”’y x cosec”x dx split 2 power of cosec x . And put cotx =¢ And use fundamental




identity.

Note: J‘ tan®" xsec’® x dx we can’t use this method

Important: Try to split sec’ x , whether we are able to use identity if not then we split

secxtan x whether we still able to use identity . In this J-tan”e" xsec™ x dx we can’t use

identity by splitting sec® x or secxtanx.

In the same way we consider in Icot“"y x cosec”™ x dx
17. JJtan x sec’ x 18. tan® xsec’ x 19. cot* x cosec® x 20. cot’ x cosec’® x
Answers:
2 2 1 1
17. Ztan*?* x+=tan”* x+¢ 18. —sec’ x——sec’ x+c¢
3 7 5 3
1 1 2 2
19. ——cot’ x——cot’ x+c¢ 20. —=cosec”?x+=cosec’*x +¢
7 7 3
Type 4:

Use of reduction method

a. Itan" x dx, ifnis odd use type 1. Ifnis even and if n>4
Itan” x dx = jtan”’2 xtan® x dx = J.‘[an’“2 x(sec2 x— 1) dx = J.tan”*2 xsec® xdx —J‘tan”*2 x dx

b. J‘cot” x dx ifnis odd use type 1. If nis even and if n >4 similarly as above.

21. tan® x 22. tan’ x 23.. cot® x 24. cot’ x
Answers:

1, 5 14 1 .,
21. gtan x—tanx+x+c 22. Ztan x—Etan x+logsecx+c

1 1 1 1 .
23. —gc0t5x+§cot3x—cot—x+c 24. —Zc0t4x+5cot2x+logsmx+c




Type S:

Use of reduction method (by parts)

a. J‘sec” x dx, ifnis even use type 3b and if n is odd and if n>3 (use by parts)

I = Isec” X dx= J-sec”"2 xsec” x dx =sec" > xtan x —(n— 2)_[ sec”” xsec xtan x tan x dx
=sec" > xtanx—(n— 2)J sec” > xtan® x dx =sec” > xtan x —(n— 2)_[ sec” x(sec2 x— 1) dx
=sec" > xtanx—(n— 2)_[ (sec" x—sec" x) dx=sec" > xtanx—(n—2)I, +(n—2)I,_,

b. Icosec"x dx if n is even use type 3d and if n is odd and if » > 3 similarly as above

25. sec’ 2x 26. cosec’3x 27. sec’ x
Answers:
1. 1 | 1
25. gtan 2x+—tan2x+c 26. —gcot 3x—§cot3x+c

27. %[sec x tan x +log(sec x + tan x)

Type 6:

dx where a b, ¢, d are any real numbers

J-acosx+bsinx
ccosx+dsinx

Nr.zA(diff of Dr.)+B(Dr.)
Write acosx+bsinx=A(—csinx+dcosx)+B(ccosx+dsinx) and  compare the

coefficient of sinx and cosx to find A and B.

acos x+bsin x (ac+bd} (ad—bc
dx = +

Short methods:
I F+d? ¢t +d?

- 10g|ccosx+dsinx|+c
ccosx+dsinx

73, 1 29, 1 30. 25'1nx+3cosx 31 2tanx+3
1—tanx 1+cotx S5sinx+4cosx 3tanx +4
1 1 4 gcotx+1 35 3sinx+2cosx

" 3+4cotx " 4+3tanx " 3cotx+2 " 3cosx+2sinx




Answers:
1 . 1 .
28. E[x—log(cosx—smx)]+c 29. E[x—log(cosx+smx)]+c
30. 2x+llog(55inx+4cosx)+c 31. Ex+ilog(3sinx+4cosx)+c
41 25 25
3 4 . 4 3 :
32. —x——log(3smx+4cosx)+c 33. —x+—log(3smx+4cosx)+c
25 25 25 25
. 12 5 )
34. 2x+log(2sinx+3cosx)+c 35. Ex—glog(3cosx+2smx)+c
Type 7:
a. Icos mx.sin nx dx Use %[sin(Sum)isin(DiﬁFerence)]
b. Icos mX.CoS nx dx Use %[cos(Sum) + cos(Difference)]
c. J-sin mx.sin nx dx Use —%[cos(Sum) - cos(Diﬁ‘erence)]

36. sin 3x .cos 5x 37. cos X cos 2X cos 3x 38. sin 2x sin 3x sin 5x
39. sin 4x cos 3x 40. Sl? 4x 41..sin 4x cos 7x
sin x

Answers:

1( cos8x cos2x 1 sin2x sin4x sin6x
36. —| — + +c 37. —| x+ + + +c

2 8 2 4 2 4 6
33, _l cos6x+cos4x_colex te 39, l —COS7x—cosx te

4 6 4 10 2 7

40. 2 ( s1n33x +sin xj +c

41. —Lcosllx+lcos3x+c
22 6

Type 8:
1

a. X, dx divide and multiply by conjugate

J-lJ_rsinx J‘licosx Ply by conjug

1

b. ———dx , |V1xcosxdx, |V1xsinxdx Use half angle formula

J- V1Ecosx '[ J‘
C. write sin X = cos (% - x} and then use half angle formula

1
—dx
J-\/lisinx




4p, 1zcosx 43, Y gy COCY 45 Jl+cosx
1+cosx secx+tanx cosecx—cotx
1 1 tan x
46, —— 47, ——— 48. \/1+sin3x 49, ———
V1+sinx V1-cosx secx +tanx
50, — 1 51— % 55 fi—cos3x 53, L+sinx
1+cos2x cosecx—cotx l-sinx
Answers:

44. —cotx —cosec X + ¢

46. —\/Elog sec| Z-Xlttan| Z-2 ||+
4 2 4 2

47. \/Elog cosec(ﬁj—cot(fj +c 48. g[sin?)—x—cosgj—xj+c
2 2 3 2 2

cot2x
- +

42. -2 cotx—x+2cosecx+c¢ 43 . tanx —secx + ¢

45. 2\/5 sin (%J +c

cosec2x

49.secx—tanx+x +c¢ 50. 5 5 +c 51. —x —cot X —cosec X
52. _¥0053_x 53.2tan X +2 sec X — X
Type 9:

a.

(xn + xm )P/n )Cp (1 + nlfm jp/n (1 T nlfm Jp/n 1
+ B X _ X _
I—dx j dx—_[—dx put (lixn_m] t

+n—m+1 +n—m+1
x? x?

b.J- ! - dx:J- ! dx:I ! dx put xia_t
m p—m m m
J(rta) (x+b) ) e p(xiaj (r5) X+
(xib)m xth
4 1/4 3
54. u 5. L 56 NX A 57. 1
2 4 3 5
x x (x +1) x {‘/(x—l) (x+2)
Answers:
1/4 1/4 2 1 3/2
54. i[l—%) +c 55 —(1+L4j +c 5 —l(x 3) +c
15 X X X

1/4
57. %[x_lj +e




Type 10: (Standard Form)

1 1 1 1 a+x
a. dx=—-7Io +c b. dx=—7Io +c
J-xz—a2 2a gx+a J-az—x2 2a ga—x
C J- ! dletan_1£+c d J- dx—sm‘—+c
x’+a a a Ja?
e. I;dleogx+\/x2+a2 +c f. J-;dleog x+x*—a*| +c
VX' +a’ VX' —ad’
g. J-\/az—xzd zé{x\/az—xz +a’ sinli} +c
a
h. J-\/x2+a2d :%[x\/a2+x2 +a’loglx+Vx* +a’ ] +c
1. J-'\/x2 —azdx:%[x\/xz —a’ —a’log|x+x* —d’ }rc
1 1 1 1
58, — 59, — 60. 61. ———
V9 —25x7 NVa' +b’x? 9x* ~1 3+2x°
62. S 63. 1 5 64. \J5-2x° 65. \6x” +3
Vax? =17 7-3x
2 _ 4
66. \3x" =5 67. 2! 63. X 1
x +4 x +1
Answers:
2
58, Lein 12X 40 59 llog x+1/a—2+x2 +c 60. llog Sx .
5 3 b b 6 3x+1
V2x 1 7 1 \/7+\/§x
n' 62. —log| x+,[x* —= 63. log
\/_ 3 2 4 2421 7 —3x
1 5 . 2x Jo| [ 1.1 1
64. —x\/5-2x" + —=sin"' = 65. —| x,[x* +=+—log| x+,[x" +—
2 W2 5 2 { 2 T BTN TS

X _
68. =———x+2tan ' x+c

Type 11: (Perfect Square Method)

67. x—étan’1£+c
2 2




a. J-Z;dx = converted in to type 10a or 10b or 10c after making perfect
ax” +bx+c

square

b. J-;dx = converted in to type 10d or 10e or 10f after making perfect

Jax® +bx+c

square
C. J-\/ ax® +bx+c dx = converted in to type 10g or 10h or 10i after making perfect

square

How to make perfect square

2 2
ax’ +bx+c = a (x2+éx+£j= a (x+ ij + E—b—z
a a 2a a 4a

ax’ +bx+c :
Short methods: J‘ ! dx = 2 tan™! ( — )

ax> +bx+c =D

+c, if D<O

X 1 1
69, —— 70, ———— A P 72. N1—dx —x*
X xt+1 Jx(1-2x) 8+ 3x —x2

73. Jx* +3x 74, 6+ x—2x7 75.

1 1
> 76. ————
13x°+13x-10 3+2x—X

77. I 78. I 79. \2x> +3x+4
N2x2+3x -2 \3x2 +5x+7

Answers:
1 2x* +1 1 2x-3
69. —tan"' +c 70. —=sin"'(4x—1) 71. sin™
V3 3 V2 J41

72. % (x+2V—x* —4x+1+5sin”! %ﬂ

_(x+§jm—%log{(x+%j+mﬂ

73.

N | —
I

REIEAY I 49 . (4x-1 |\/—(2x+1) J_|
74.\/5{@ 4) X +2x+3+16sm [ p H 75. ‘\/_(2x+1)+\/_‘




76. llogx—-i_1 77. Llog (x+§j+ x2+§x—1 +c
4 T|3-x V2 4) N7 2
78. Llog (x+§j+ NES FEIRA
NG 6 373
79. [4x+3}/2x2 +3x+4+ 232 log (4x+3j+ NES NI
8 32 8 2
Type 12: (Some adjustment)
pPxX—+q . . .
a. ———— dx = converted in to type 11a after making some adjustment
ax"+bx+c
b J-LH] dx = converted in to type 11b after making some adjustment
Nax®* +bx+c
c. J-( px+q)Nax® +bx+c dx=> converted in to type 11c after making some adjustment

How to make some adjustment:

px+q= £(2ax+2ﬂ+b—b]:ﬁ{(2ax+b)+(2a—q— ﬂ
2a )% 2a p

80, —0x 7 8. — % 8. xfl+x—x? 83. (2x—5Kx? —4x+3
J(x=5)(x—4) J8+x—x

3
84. (3x+1) 1—4x— x> g5 X5 g —
w[6+x-2x2 X +3x +2

X +xt+2x+1

&7. >
x —x+1

Answers:

80. 6+/x* —9x+20 +34 log Kx—%jJr\/xz—%chZO}

81. —\/8+x—x° +%sin_l(2x_lJ

v/33
1 1 1 5 2x—1
82. ——(1+x—-x*)" +— ( ——J\/1+ — x> +=sin”' | &———
3( xX—Xx") 4{ X 5 X—x 2 n NG

83. %(x2 —4x+3)3/2 —%[(36—2)\/x2 —4x+3 —log{(x—2)+\/x2 —4x+3”
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84. —(1-dx—x*)" —%[(x+2)\/1—4x—x2 +5sin™! xjﬂ

13 4x -1 1 3 x> +1
85. —3\/6+x—2x2+—sin_l( j 86. —log(x*+3x*+2)—= 1o +c
22 7 4 g( ) 4 g\

X +2

1 3 1 2x—1
87. —x*+2x+=log(x*—x+1)+—tan™ +c
2 5 oel FEES

Type 13:
px’ +qx+r

a. ——— dx = converted in to type 11a after making some adjustment
ax” +bx+c

b. j Xt gxtr dx = converted in to type 11b after making some adjustment

Nax® +bx+c
c. j( X’ +gx+ r) Jax® +bx +c dx = converted in to type 12¢ after making some

adjustment

Numerator = A (denominator) + B (differ. Of denominator) + C

y (ax2 +bx + c)j +C comparing the coefficient of
x

px’ +61x+r=A(ax2 +bx+c) +B(i

like terms, we get the value of A, B and C

28, J-Zx +5x+4

\/x +x+1
Answer: 88 . (x+%]\/x2 +x+1 +%log

+c

(x+%j+\/x2+x+l

Solution: 2x* +5x+4 = A(x2 +x+ 1) +B(2x+1)+C comparing coefficient, we get
= 2x” +5x+4 :Z(x2 +x+1)+%(2x+1)+—

I2x2+5x+4d —ZJ X +x+1 I 2x+1

s S dx+—
VXt +x+1 * VXt +x+1 27 Jx* +x+1 o ‘[\/x +x+1

3pdt |1 1
=2|VxP+x+1 dx+=|—& += | —= dx
L — 2‘[\/; 2jxlx2+x+1
T-11

Type 14:




11

a. I — 12 - dx Where a, b, ¢ and d are any real numbers
a+bsin” x+ccos” x+d sinxcosx
Step | multiply numerator and denominator both by sec® x
Step I replace sec’ x , if any in, in denominator by 1+ tan” x.
Step 111 Put tan x = ¢ = sec’ xdx = dt
89 ;2 90. — 1 > 91. ;2
1+3sin” x 1+3sin” x+8cos” x 4—-5sin" x
1 . 93, 1 U S 95, S0Y
(2sin x +3cos x) 3+sin2x 2—-3cos2x sin 3x
96. - !
cos x(sin x + 2 cos x)
Answers:
89. 1 tan'l(Ztan x) 90. ltan"l(2 tanxj 91. llog(ertﬂJ
2 6 3 4 2—tan x
2. —;4‘0 93. Ltan_1 Stanx+l +c
2(2tan x +3) 22 22

\/§+tanxJ
+c

1 JStanx—1 1
94. lo +c 95. lo 96.log (tanx +2) +c
25 g(ﬁmm] e g(ﬁ_mx
Type 15:
a. I - ! where a, b ¢ are any real numbers
a-+bsin x+ccosx
x 2dt 1-¢ : 2t
put tan—=t¢, dx = =, CoSx=—7, sinx = >
2 1+1¢ 1+1¢ 1+1¢

after performing this substitution, above type is converted into type 11 (perfect square
method).

If in above a = 0 we can we substitute b=rcos€, c=rsin@ and so r’ :(a2 +b2),

and put bsin x+ccosx =rsin(x+6) or rcos(x—86)

97

101.

. ; 98. - ! 99. ! - 100. ;
5+4cosx 3+2sinx+cosx 3cosx+4sinx 5—4sinx
1+sinx

sin x(1+ cos x)




12

Answers:
X 1 X
tan — x 1 —+tan—
97. Ztan”' 98. tan”' [1+tan—j 99. —log| >——2 | OR
3 2 3 3—tan
2
X
. Stan——-4
llog( 5+3sin x—4'cos xj 100. %tan’l 2 te
5 3cos x+4sin x 3
1 X tan’ X X
101. — log(tan—)+ +2tan— |+c¢
2 2 2

Type 16:

asinx+bcosx+c
j dx where a, b, ¢, p, q, r are any real numbers

psinx+gqgcosx+r
We write
Numerator = A (denominator) +B (differ. of denominator) +C

where A, B and C are constant to be determined by comparing the coefficient of sin x,

cos x and constant terms on both side

J-asinx+bcosx+c dx:IA(psmx+qcosx+r)dx+jB(pcosx—q51nx) dx+j C dx

psinx+gcosx+r psinx+gcosx+r psinx+gqgcosx+r psinx+gcosx+r

=A_[dx+BI£ dx+_[ - ¢ dx
t psmx+gqgcosx+r

T-15

102, — 3cosx+2 103, 3+?cosx+4smx
sinx+2cosx+3 2sinx+cosx+3

Answers:

6 3 tan > +1 X
102. —x+—log(sinx+2cosx+3)+—gtan_1 Tz +c 103, 2x—3tanl(tan5+lj+c



